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Summary. Material models in FE-simulations are used both in 3D and plane stress situations. In this
paper it is shown that for models that include kinematic hardening, the conversion from a 3D to a plane
stress algorithm needs more adaptations than only eliminating the thickness components. An example
and a consistent conversion are presented. Secondly it is discussed how to convert a 2D plane stress
yield criterion into a full 3D yield criterion. This is essential for using solid-shell elements with 2D yield
criteria, typically used in sheet metal forming.

1 INTRODUCTION

Elasto-plastic plane stress material models in FE-software for simulations of sheet forming processes
have proven to be very time efficient compared to 3D algorithms and are therefore widely applied. Elim-
inating the thickness-direction from the calculations is usually not a problem because the stress in this
direction approximates zero. However, in some cases the stresses in thickness direction have to be taken
into account. This paper discusses two issues where the lossof the thickness direction in the material
model is not desirable. Firstly, the conversion from a 3D material model to a plane stress algorithm is
discussed. Classical material models are based on (combinations of) isotropic and kinematic hardening
laws. A 3D material model with only isotropic hardening is consistently converted to a plane stress (PS)
algorithm, by eliminating thez-direction and adapting the elasticity-matrix, as is illustrated in many
textbooks [2, 3, 5]. For kinematic hardening models however, it is shown that the thickness direction
cannot be simply eliminated. The back stress in this direction needs to be taken into account to give
consistent results. Even if the yield criterion is only defined in plane stress, a compensation is required.
It is noted that the yield functions do not need to be adapted because the compensation acts on the return
mapping algorithm itself. Secondly, a trend to use solid-shell elements is developing, but more advanced
anisotropic material models used in sheet-forming are usually based on plane stress situations [1, 4],
which cannot be applied in 3D elements. Therefore, yield criteria defined as plane stress algorithms
need to be extended to 3D criteria. Under some assumptions anextension with Von Mises like shear
contributions yields a full 3D yield function based on a plane stress criterion.
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2 CONSISTENT DIMENSION CONVERSION IN KINEMATIC HARDENING M ODELS.

The calculations that are performed in this section take place at integration point level in a regular
FE-simulation. At this level the stress increment is calculated from a predicted strain increment and the
stiffness-matrix at that point needs to be determined. Calculations in this article are in vector-matrix
format with a full 3D stress vector represented byσ3D = [σx, σy, σz, τxy, τxz, τyz]

T and the PS stress
vector byσps = [σx, σy, τxy]

T. Linear hardening is adopted for the kinematic hardening model and
isotropic hardening is not included. Kinematic hardening is implemented via the concept of Ziegler, by
adopting a back stressα and an effective stressζ with σ = ζ + α. These are all combined in the well
known Hill’48 yield criterion for demonstration

ϕ = σeq(ζ) − σf
(

εp
eq

)

(1)

The flow stress (σf) equals the uniaxial stress in a tensile test under plastic deformation. Essential for
this paper is that the evolution of the back stress is determined via the Prager assumption; the direction
of α̇ and the plastic deformation are parallel:

α̇ = f
(

ε̇p
eq

) ∂ϕ

∂σ
(2)

To illustrate the differences in results for the 3D algorithm and the converted PS algorithm which is
derived from the 3D model with the thickness components simply eliminated, a calculation is performed
that describes a uniaxial test. Figure 1(a) shows that the uniaxial test for the PS algorithm has a lower
hardening rate. Furthermore, the effective stress state inthe 3D algorithm remains at the uniaxial point
on the yield locus, whereas in the PS algorithm, the effective stress state moves to the plane strain point,
which is illustrated in Figure 1(b). Clearly, the two algorithms show a different evolution of the back
stress. In the plane stress algorithm the direction of the back stress is taken parallel to the two strain
components, at the uniaxial point, hereby neglecting the third component. This causes a deviating shift
of the yield locus, which on its turn causes that the stress state of the effective stress finally arrives at the
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(a) Stresses as a function of the equivalent plastic strain.
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(b) The shift of the yield surfaces for the two algorithms.

Figure 1: The resulting stresses in a uniaxial test and the positions in stress space.
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Figure 2: Different R-values for the Hill’48 yield criterion in the deviatoric plane. The dash-dotted lines represent
the derivatives of the Hill’48 yield criteria for the different R-values.

plane strain point of the locus. In the 3D case, the shift of the yield locus is apparently not perpendicular
to the yield surface at the uniaxial point, but this is becauseαz compensates for this. Furthermore,α and
ζ seem to be parallel, but they are not becauseαz = −ζz, which is not visible in this cross section of
the stress space. For other yield surfaces, where the derivative of the yield surface at the uniaxial point
is different from the Von Mises derivative, similar effectscan be observed, although still working with
a 3D algorithm. This is illustrated in Figure 2, where 3 Hill’48- yield loci are depicted with different
R-values. The derivatives at the uniaxial point show different orientations.

To arrive at a situation where the PS and 3D algorithm are consistent,αz andζz have to be taken
into account in the PS algorithm. For a 3D algorithm to come toa plane stress situation, a hydrostatic
pressure is added toζ, such thatσz = ζz + αz = 0. In the PS algorithm this is not done, and thus, a
consistent conversion from 3D to PS is made when the equivalent stress and the derivative of the yield
function are determined with the additional componentζz:

σeq = σeq
(

[ζx, ζy, ζz, ζxy]
T
)

and
∂ϕ

∂σ
=

∂ϕ

∂σ

(

[ζx, ζy, ζz, ζxy]
T
)

(3)

The value ofζz is easily determined becauseα is deviatoric and thus:

αz = − (αx + αy) =⇒ ζz = −αz = (αx + αy) (4)

The rest of the material model remains the same, only Equations (3) and (4) need to be implemented.
It is noticed that the yield criteria defined for sheet metal forming are often plane stress models that

do not include the requiredz-component. These models show the same phenomenon described in the
example and therefor require the adaptation. If the yield criterion is independent of hydrostatic pressure,
then so are the definitions of the equivalent stress and the derivatives, and it is easy to shift the stress state
to the plane stress level by simply adding a hydrostatic pressure to the normal components ofζ with the
magnitude of−ζ

z
:

ζc =







ζx − ζz

ζy − ζz

ζxy







=⇒ σeq = σeq(ζc) ,
∂ϕ

∂σ
(ζc) (5)
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3 INTEGRATING A PLANE STRESS YIELD CRITERION IN A 3D MATERIAL MODEL.

The used yield criteria in FE-simulations of sheet metal forming processes are often specifically
developed for plane stress situations, which implies that the stress in thickness direction do not influence
the yield function. A full 3D yield criterion is developed that calculates the equivalent stress based on an
arbitrairly plane stress hydrostatic pressure independent yield criterion, with supplements from the Von
Mises yield criterion. The definitions of equivalent stressaccording to Von Mises in 3D and PS are:

σ3D
eq

(

σ3D)

=
√

σ2
x

+ σ2
y

+ σ2
z
− σxσy − σyσz − σzσz + 3τ2

xy
+ 3τ2

yz
+ 3τ2

zx
(6)

σps
eq(σps) =

√

σ2
x

+ σ2
y
− σxσy + 3τ2

xy
(7)

Equation (7) is easily implemented in Equation (6) by interchanging the correspondingx andy-stress
components. The stress inz-direction is not directly captured in the definition ofσ

ps
eq, but can be imple-

mented by adding a hydrostatic pressure to the stress vectorwith the size ofσz, analogue to Equation (5):

σ3D
eq

(

σ3D)

=

√

σ
ps
eq(σx − σz, σy − σz, τxy)

2
+ 3τ2

yz
+ 3τ2

zx
(8)

The derivatives of the yield function with respect to the stresses are easily calculated from this equation.
However, the derivative with respect toσz needs to be determined otherwise, because this component is
not explicitly included in the definition ofσ3D

eq . This is done via the assumption that the implemented PS
yield criterion is independent of hydrostatic pressure andthus the derivatives of the yield function are in
the deviatoric plane:

∂ϕ

∂σz

3D

= −

(

∂ϕ

∂σx

ps

+
∂ϕ

∂σy

ps)

(9)

The new yield criterion is generic with respect to the used plane stress yield criterion and gives the same
convergence in the return mapping algorithm as the used plane stress yield criterion.
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